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POSTLUDE: SYMMETRY AND THE
CONCEPTUAL FOUNDATIONS

OF THERMOSTATISTICS

21-1 STATISTICS

The overall structure of thermostatistics now has been established— of
thermodynamics in Part I and of statistical mechanics in Part II. Although
these subjects can be elaborated further, the logical basis is essentially
complete. It is an appropriate time to reconsider and to reflect on the
uncommon form of these atypical subjects.

Unlike mechanics, thermostatistics is not a detailed theory of dynamic
.response to specified forces. And unlike electromagnetic theory (or the
analogous theories of the nuclear “strong” and “weak” forces), thermosta-
tistics is not a theory of the forces themselves. Instead thermostatistics
characterizes the equilibrium state of microscopic systems without refer-
ence either to the specific forces or to the laws of mechanical response.
Instead thermostatistics characterizes the equilibrium state as the state
that maximizes the disorder, a quantity associated with a conceptual
framework (“information theory™) outside of conventional physical the-
ory. The question arises as to whether the postulatory basis of thermosta-
tistics thereby introduces new principles not contained in mechanics,
electromagnetism, and the like or whether it borrows principles in unrec-
ognized form from that standard body of physical theory. In either case,
what are the implicit principles upon which thermostatistics rests?

There are, in my view, two essential bases underlying thermostatistical
theory. One is rooted in the statistical properties of large complex systems.
The second rests in the set of symmetries of the fundamental laws of
physics. The statistical feature veils the incoherent complexity of the atomic
dynamics, thereby revealing the coherent effects of the underlying physical
symmetries.
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The relevance of the statistical properties of large complex systems is
universally accepted and reasonably evident. The essential property is
epitomized in the “central limit theorem™! which states (roughly) that the
probability density of a variable assumes the “Gaussian” form if the
variable is itself the resultant of a large number of independent additive
subvariables. Although one might naively hope that measurements of
thermodynamic fluctuation amplitudes could yield detailed information as
to the atomic structure of a system, the central limit theorem precludes
such a possibility. It is this insensitivity to specific structural or mechani-
cal detail that underlies the universality and simplicity of thermostatistics.

The central limit theorem is illustrated by the following example.

Example

Consider a system composed of N “elements,” each of which can take a value of
X in the range — 3 < X < 1. The value of X for each element is a continuous
random variable with a probability density that is uniform over the permitted
region. The value of X for the system is the sum of the values for each of the
elements. Calculate the probability density for the system for the cases N = 1,2, 3.
In each case find the standard deviation e, defined by

ot = ff(X)deX

where f(X) is the probability density of X (and where we have given the
definition of ¢ only for the relevant case in which the mean of X is zero). Plot the
probability density for N = 1, 2, and 3, and in each case plot the Gaussian or
“normal” distribution with the same standard deviation.

Note that for even so small a number as N = 3 the probability distribution
f(X) rapidly approaches the Gaussian form! It should be stressed that in this
example the uniform probability density of X is chosen for ease of calculation; a
similar approach to the Gaussian form would be observed for any initial probability
density.

Solution

The probability density for N =11is f,(X)=1 for — 1 < X < !, and zero
otherwise. This probability density is plotted in Fig. 21.1a. The standard devia-
tionis 6, = 1/(2 - V3). The corresponding Gaussian

-1/2 1 == X2
fo(X) = 7)o exp | S35
with ¢ = g, is also plotted in Fig. 21.14, for comparison.

l¢f. any standard reference on probability, such as L. G. Paratt, Probability and Experimental
Errors in Science (Wiley, New York, 1961) or E. Parzen, Modern Probability Theory and Its
Applications (Wiley, New York, 1960).
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FIGURE 21.1

Convergence of probability density to the Gaussian form. The probability density for
systems composed of one, two and three elements, each with the probability density shown
in Figure 21.1a. In each case the Gaussian with the same standard deviation is plotted. In
accordance with the central limit theorem the probability density becomes Gaussian for
large N.

To calculate the probability density f,(X), for N =2, we note (problem
21.1-1) that

fialX) = [7 fu(X = X)) (X7) dx”
or, with f,(X) as given

12 . ;
fiar(X) = [ fi(X = X7) ax
-1/2
That is, f5,,(X) is the average value of f(X") over a range of length unity
centered at X.
This geometric interpretation easily permits calculation of f,(X) as shown in
Fig. 21.16. From f,(X), in turn, we find
3 - X? if |1 X] <3
HX) =03 = 3X+ 35X iff<|X|<3
0 if | X]> 3
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The values of o are calculated to be 6, = 1/V12, 0, =1/V6 and 0; = 3.
These values agree with a general theorem that for N identical and independent
subsystems, o5 = VN o,. The Gaussian curves of Fig. 21.1 are calculated with
these values of the standard deviations. For even so small a value of N as 3 the
probability distribution is very close to Gaussian, losing almost all trace of the
initial shape of the single-element probability distribution.

PROBLEMS

21.1-1. The probability of throwing a “seven” on two dice can be viewed as the
sum of a) the probability of throwing a “one” on the first die multiplied by the
probability of throwing a “six” on the second, plus b) the probability of throwing
a “two” on the first die multiplied by the probability of throwing a “five” on the
second, and so forth. Explain the relationship of this observation to the expres-
sion for fy,.(X) in terms of fz(X — X’) and f,(X’) as given in the Example,
and derive the latter expression.

21.1-2. Associate the value +1 with one side of a coin (“head”) and the value
—1 with the other side (“tail”). Plot the probability of finding a given “ value”
when throwing one, two, three, four, and five coins. (Note that the probability is
discrete—for two coins the plot consists of just three points, with probability = §
for X = +1 and probability = { for X = 0.) Calculate o for the case n = 5, and
roughly sketch the Gaussian distribution for this value of o.

21-2 SYMMETRY?

As a basis of thermostatistics the role of symmetry is less evident than
the role of statistics. However, we first note that a basis in symmetry does
rationalize the peculiar nonmetric character of thermodynamics. The
results of thermodynamics characteristically relate apparently unlike
quantities, yielding relationships such as (dT/dP), = (dV/3S),, but
providing no numerical evaluation of either quantity. Such an emphasis
on relationships, as contrasted with quantitative evaluations, is appropri-
ately to be expected of a subject with roots in symmetry rather than in
explicit quantitative laws.

Although symmetry considerations have been seen as basic in science
since the dawn of scientific thought, the development of quantum mechan-
ics in 1925 elevated symmetry considerations to a more profound level of
power, generality, and fundamentality than they had enjoyed in classical
physics. Rather than merely restricting physical possibilities, symmetry
was increasingly seen as playing the fundamental role in establishing the

2H. Callen, Foundations of Physics 4, 423 (1974).
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form of physical laws. Eugene Wigner, Nobel laureate and great modern
expositor of symmetry laws, suggested” that the relationship of symmetry
properties to the laws of nature is closely analogous to the relationship of
the laws of nature to individual events; the symmetry principles *provide
a structure or coherence to the laws of nature just as the laws of nature
provide a structure and coherence to the set of events.” Contemporary
“grand unified theories™ conjecture that the very existence and strength of
the four basic force fields of physical theory (electromagnetic, gravita-
tional, “strong,” and “weak”) were determined by a symmetry genesis a
mere 10~ seconds after the Big Bang,

The simplest and most evident form of symmetry is the geometric
symmetry of a physical object. Thus a sphere is symmetric under arbitrary
rotations around any axis passing through its center, under reflections in
any plane containing the center, and under inversion through the center
itself. A cube is symmetric under fourfold rotations around axes through
the face centers and under various other rotations, reflections, and inver-
sion operations.

Because a sphere is symmetric under rotations through an angle that
can take continuous values the rotational symmetry group of a sphere is
said to be continuous. In contrast, the rotational symmetry group of a
cube is discrete.

Each geometrical symmetry operation is described mathematically by a
coordinate transformation. Reflection in the x—y plane corresponds to the
transformation x — x’, y = y’, z = —z’, whereas fourfold (90°) rota-
tion around the z-axis is described by x — y’, y - —x’. z — z’. The
symmetry of a sphere under either of these operations corresponds to the
fact that the equation of a sphere (x? + y? + z* = r?) is identical in form
if reexpressed in the primed coordinates.

The concept of a geometrical symmetry is easily generalized. A transfor-
mation of variables defines a symmetry operation. A function of those
variables that is unchanged in form by the transformation is said to be
symmetric with respect to the symmetry operation. Similarly a law of
physics is said to be symmetric under the operation if the functional form
of the law is invariant under the transformation.

Newton’s law of dynamics, f = m(d’r/dt?) is symmetric under time
inversion (r — r’, t = —¢’) for a system in which the force is a function
of position only. Physically this “ time-inversion symmetry” implies that a
video tape of a ball thrown upward by an astronaut on the moon. and
falling back to the lunar surface, looks identical if projected backward or
forward. (On the earth, in the presence of air friction, the dynamics of the
ball would not be symmetric under time inversion).

The symmetry of the dynamical behavior of a particular system is
governed by the dynamical equation and by the mechanical potential that

3E. Wigner, “Symmetry and Conservation Laws,” Physics Today, March 1964, p- 34.
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determines the forces. For quantum mechanical problems the dynamical
equation is more abstract (Schrodinger’s equation rather than Newton’s
law), but the principles of symmetry are identical.

21-3 NOETHER’S THEOREM

A far reaching and profound physical consequence of symmetry is
formulated in “Noether’s theorem®”. The theorem asserts that every
continuous symmetry of the dynamical behavior of a system (i.e., of the
dynamical equation and the mechanical potential) implies a conservation
law for that system.

The dynamical equation for the motion of the center of mass point of
any material system is Newton’s law. If the external force does not depend
upon the coordinate x, then both the potential and the dynamical equa-
tion are symmetric under spatial translation parallel to the x-axis. The
quantity that is conserved as a consequence of this symmetry is the
x-component of the momentum. Similarly the symmetry under translation
along the y or z axes results in the conservation of the y or z components
of the momentum. Symmetry under rotation around the z axis implies
conservation of the z-component of the angular momentum.

Of enormous significance for thermostatistics is the symmetry of dy-
namical laws under time translation. That is, the fundamental dynamical
laws of physics (such as Newton’s law, Maxwell’'s equations, and
Schrédinger’s equation) are unchanged by the transformation ¢ —»¢' + ¢,
(i.e., by a shift of the origin of the scale of time). If the external potential
is independent of time, Noether’s theorem predicts the existence of a
conserved quantity. That conserved quantity is called the energy.

Immediately evident is the relevance 5f ume-translation symmetry to
what is often called the “first law of thermodynamics”— the existence of
the energy as a conserved state function (recall Section 1.3 and Postulate

I).

It is instructive to reflect on the profundity of Noether’s theorem by
comparing the conclusion here with the tortuous historical evolution of
the energy concept in mechanics (recall Section 1.4). Identification of the
conserved energy began in 1693 when Leibniz observed that 1mv? + mgh
is a conserved quantity for a mass particle in the earth’s gravitational field.
As successively more complex systems were studied it was found that
additional terms had to be appended to maintain a conservation principle,

“See E. Wigner, ibid. The physical content of Noether’s theorem is implicit in Emmy Noether’s
purely mathematical studies. A beautiful appreciation of this brilliant mathematician’s life and work
in the face of implacable prejudice can be found in the introductory remarks to her collected works:
Emmy Noether, Gesammelte Abhandlungen, (Collected Papers), Springer—Verlag, Berlin-New York,
1983.
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but that in each case such an ad hoc addition was possible. The develop-
ment of electromagnetic theory introduced the potential energy of the
interaction of electric charges, subsequently to be augmented by the
electromagnetic field energy. In 1905 Albert Einstein was inspired to alter
the expression for the mechanical kinetic energy, and even to associate
energy with stationary mass, in order to maintain the principle of energy
conservation. In the 1930s Enrico Fermi postulated the existence of the
neutrino solely for the purpose of retaining the energy conservation law in
nuclear reactions. And so the process continues, successively accreting
additional terms to the abstract concept of energy, which is defined by its
conservation law. That conservation law was evolved historically by a long
series of successive rediscoveries. It is now based on the assumption of
time translation symmetry.

The evolution of the energy concept for macroscopic thermodynamic
systems was even more difficult. The pioneers of the subject were guided
neither by a general a priori conservation theorem nor by any specific
analytic formula for the energy. Even empiricism was thwarted by the
absence of a method of direct measurement of heat transfer. Only inspired
insight guided by faith in the simplicity of nature somehow revealed the
interplay of the concepts of energy and entropy, even in the absence of a
priori definitions or of a means of measuring either!

21-4 ENERGY, MOMENTUM, AND
ANGULAR MOMENTUM: THE
GENERALIZED “FIRST LAW” OF THERMOSTATISTICS

In accepting the existence of a conserved macroscopic energy function
as the first postulate of thermodynamics, we anchor that postulate directly
in Noether’s theorem and in the time-translation symmetry of physical
laws.

An astute reader will perhaps turn the symmetry argument around.
There are seven “first integrals of the motion” (as the conserved quantities
are known in mechanics). These seven conserved quantities are the energy,
the three components of linear momentum, and the three components of
the angular momentum; and they follow in parallel fashion from the
translation in “space—time” and from rotation. Why, then, does energy
appear to play a unique role in thermostatistics? Should not momentum
and angular momentum play parallel roles with the energy?

In fact, the energy is not unique in thermostatistics. The linear momen-
tum and angular momentum play precisely parallel roles. The asymmetry
in our account of thermostatistics is a purely conventional one that obscures
the true nature of the subject.

We have followed the standard convention of restricting attention to
systems that are macroscopically stationary, in which case the momentum
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and angular momentum arbitrarily are required to be zero and do not
appear in the analysis. But astrophysicists, who apply thermostatistics to
rotating galaxies, are quite familiar with a more complete form of thermo-
statistics. In that formulation the energy, linear momentum, and angular
momentum play fully analogous roles.

The fully generalized canonical formalism is a straightforward extension
of the canonical formalism of Chapters 16 and 17. Consider a subsystem
consisting of N moles of stellar atmosphere. The stellar atmosphere has a
particular mean molar energy (U/N), a particular mean molar momen-
tum (P/N), and a particular mean molar angular momentum (J /N ). The
fraction of time that the subsystem spends in a particular microstate i
(with energy FE,, momentum P, and angular moment J,) is
fi(E,P,J.,V,N). Then f; is determined by maximizing the disorder, or
entropy, subject to the constraints that the average energy of the subsys-
tem be the same as that of the stellar atmosphere, and similarly for
momentum and angular momentum. As in Section 17.2, we quite evi-
dently find

fi= S exp(~BE~N,-P-N,-1) (21.1)

The seven constants B, A ., A,,, A, A,, A;, and A, all arise as
Lagrange parameters and they play completely symmetric roles in the
theory (just as Bp does in the grand canonical formalism).

The proper “first law of thermodynamics,” (or the first postulate in our
formulation) is the symmetry of the laws of physics under space—time
translation and rotation, and the consequent existence of conserved energy,
momentum, and angular momentum functions.

21-5 BROKEN SYMMETRY AND GOLDSTONE’S THEOREM

As we have seen, then, the entropy of a thermodynamic system is a
function of various coordinates, among which the energy is a prominent
member. The energy is, in fact, a surrogate for the seven quantities
conserved by virtue of space—time translations and rotations. But other
independent variables also exist—the volume, the magnetic moment, the
mole numbers, and other similar variables. How do these arise in the
theory?

The operational criterion for the independent variables of thermostatis-
tics (recall Chapter 1) is that they be macroscopically observable. The low
temporal and spatial resolving powers of macroscopic observations re-
quire that thermodynamic variables be essentially time independent on
the atomic scale of time and spatially homogeneous on the atomic scale of
distance. The time independence of the energy (and of the linear and
angular momentum) has been rationalized through Noether’s theorem.
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The time independence of other variables is based on the concept of
broken symmetry and Goldstone’s theorem. These concepts are best intro-
duced by a particular case and we focus specifically on the volume.

For definiteness, consider a crystalline solid. As we saw in Section 16.7,
the vibrational modes of the crystal are described by a wave number
k(= 2w /A, where A is the wavelength) and by an angular frequency w(k).
For very long wavelengths the modes become simple sound waves, and in
this region the frequency is proportional to the wave number; w = ck
(recall Fig. 16.1). The significant feature is that w(k) vanishes for k = 0
(i.e., for A - o0). Thus, the very mode that is spatially homogeneous has
zero frequency. Furthermore, as we have seen in Chapter 1 (refer also to
Problem 21.5-1), the volume of a macroscopic sample is associated with
the amplitude of the spatially homogeneous mode. Consequently the
volume is an acceptably time independent thermodynamic coordinate.

The vanishing of the frequency of the homogeneous mode is not simply
a fortunate accident, but rather it is associated with the general concept of
broken symmetry. The concept of broken symmetry is clarified by reflect-
ing on the process by which a crystal may be formed. Suppose the crystal
to be solid carbon dioxide (“dry ice”), and suppose the CO, initially to be
in the gaseous state, contained in some relatively large vessel (“infinite’” in
size). The gas is slowly cooled. At the temperature of the gas—solid phase
transition a crystalline nucleus forms at some point in the gas. The
nucleus thereafter grows until the gas pressure falls to that on the
gas—solid coexistence curve (i.e., to the vapor pressure of the solid). From
the point of view of symmetry the condensation is a quite remarkable
development. In the “infinite” gas the system is symmetric under a
continuous translation group, but the condensed solid has a lower symme-
try! It is invariant only under a discrete translation group. Furthermore
the location of the crystal is arbitrary, determined by the accident of the
first microscopic nucleation. In that nucleation process the symmetry of
the system suddenly and spontaneously lowers, and it does so by a
nonpredictable, random event. The symmetry of the system is “broken.”

Macroscopic sciences, such as solid state physics or thermodynamics,
are qualitatively different from “microscopic” sciences because of the
effects of broken symmetry, as was pointed out by P. W. Anderson® in an
early but profound and easily readable essay which is highly recom-
mended to the interested reader.

At sufficiently high temperature systems always exhibit the full symme-
try of the “mechanical potential” (that is, of the Lagrangian or Hamilto-
nian functions). There do exist permissible microstates with lower
symmetry, but these states are grouped in sets which collectively exhibit
the full symmetry. Thus the microstates of a gas do include states with
crystal-like spacing of the molecules—in fact, among the microstates all
manner of different crystal-like spacings are represented, so that collec-

5P. W. Anderson, pp. 175-182 in Concepts in Solids (W. A. Benjamin Inc., New York, 1964).




464 Postlude: Symmetry and the Conceptual Foundations of Thermostatistics

tively the states of the gas retain no overall crystallinity whatever. How-
ever, as the temperature of the gas is lowered the molecules select that
particular crystalline spacing of lowest energy, and the gas condenses into
the corresponding crystal structure. This is a partial breaking of the
symmetry. Even among the microstates with this crystalline periodicity
there are a continuum of possibilities available to the system, for the
incipient crystal could crystallize with any arbitrary position. Given one
possible crystal position there exist infinitely many equally possible posi-
tions, slightly displaced by an arbitrary fraction of a “lattice constant”.
Among these possibilities, all of equal energy, the system chooses one
position (i.e., a nucleation center for the condensing crystallite) arbitrarily
and “accidentally”.

An important general consequence of broken symmetry is formulated in
the Goldstone theorem®. It asserts that any system with broken symmetry
(and with certain weak restrictions on the atomic interactions) has a
spectrum of excitations for which the frequency approaches zero as the
wavelength becomes infinitely large.

For the crystal discussed here the Goldstone theorem ensures that a
phonon excitation spectrum exists, and that its frequency vanishes in the
long wavelength limit.

The proof of the Goldstone theorem is beyond the scope of this book,
but its intuitive basis can be understood readily in terms of the crystal
condensation example. The vibrational modes of the crystal oscillate with
sinusoidal time dependence, their frequencies determined by the masses of
the atoms and by the restoring forces which resist the crowding together
or the separation of those atoms. But in a mode of very long wavelength
the atoms move very nearly in phase; for the infinite wavelength mode the
atoms move in unison. Such a mode does not call into action any of the
interatomic forces. The very fact that the original position of the crystal
was arbitrary—that a slightly displaced position would have had precisely
the same energy—guarantees that no restoring forces are called into play
by the infinite wavelength mode. Thus the vanishing of the frequency in
the long wavelength limit is a direct consequence of the broken symmetry.
The theorem, so transparent in this case, is true in a far broader context,
with far-reaching and profound consequences.

In summary, then, the volume emerges as a thermodynamic coordinate
by virtue of a fundamental symmetry principle grounded in the concept of
broken symmetry and in Goldstone’s theorem.

PROBLEMS

21.5-1. Draw a longitudinal vibrational mode in a one-dimensional system, with a
node at the center of the system and with a wavelength twice the nominal length

SP. W. Anderson, ibid.
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of the system. Show that the instantaneous length of the system is a linear
function of the instantaneous amplitude of this mode. What is the order of
magnitude of the wavelength if the system is macroscopic and if the wavelength is
measured in dimensionless units (i.e., relative to interatomic lengths)?

21-6 OTHER BROKEN SYMMETRY
COORDINATES—ELECTRIC AND MAGNETIC MOMENTS

In the preceding two sections we have witnessed the role of symmetry in
determining several of the independent variables of thermostatistical
theory. We shall soon explore other ways in which symmetry underlies the
bases of thermostatistics, but in this section and in the following we
continue to explore the nature of the extensive parameters. It should
perhaps be noted that the choice of the variables in terms of which a given
problem is formulated, while a seemingly innocuous step, is often the
most crucial step in the solution.

In addition to the energy and the volume, other common extensive
parameters are the magnetic and electric moments. These are also prop-
erly time independent by virtue of broken symmetry and Goldstone’s
theorem. For definiteness consider a crystal such as HCl. This material
crystallizes with an HCI molecule at each lattice site. Each hydrogen ion
can rotate freely around its relatively massive Cl partner, so that each
molecule constitutes an electric dipole that is free to point in any arbitrary
direction in space. At low temperatures the dipoles order, all pointing
more or less in one common direction and thereby imbueing the crystal
with a net dipole moment.

The direction of the net dipole moment is the residue of a random
accident associated with the process of cooling below the ordering temper-
ature. Above that temperature the crystal had a higher symmetry; below
the ordering temperature it develops one unique axis— the direction of the
net dipole moment.

Below the ordering temperature the dipoles are aligned generally (but
not precisely) along a common direction. Around this direction the
dipoles undergo small dynamic angular oscillations (“librations”), rather
like a pendulum. The librational oscillations are coupled, so that libra-
tional waves propagate through the crystal. These librational waves are the
Goldstone excitations. The Goldstone theorem implies that the librational
modes of infinite wavelength have zero frequency’. Thus the electric

7In the interests of clarity I have oversimplified slightly. The discussion here overlooks the fact that
the crystal structure would have already destroyed the spherical symmetry even above the ordering
temperature of the dipoles. That is, the discussion as given would apply to an amorphous (spherically
symmetric) crystal but not to a cubic crystal. In a cubic crystal each electric dipole would be coupled
by an “anisotropy energy” to the cubic crystal structure, and this coupling would (naively) appear to
provide a restoring force even to infinite wavelength librational modes. However, under these
circumstances librations and crystal vibrations would couple to form mixed modes, and these coupled
“libration-vibration” modes would again satisfy the Goldstone theorem.
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dipole moment of the crystal qualifies as a time independent thermody-
namic coordinate.

Similarly ferromagnetic crystals are characterized by a net magnetic
moment arising from the alignment of electron spins. These spins par-
ticipate in collective modes known as “spin waves.” If the spins are not
coupled to lattice axes (i.e., in the absence of “magnetocrystalline ani-
sotropy’’) the spin waves are Goldstone modes and the frequency vanishes
in the long wavelength limit. In the presence of magnetocrystalline ani-
sotropy the Goldstone modes are coupled phonon-spin-wave excitations.
In either case the total magnetic moment qualifies as a time independent
thermodynamic coordinate.

21-7 MOLE NUMBERS AND GAUGE SYMMETRY

We come to the last representative type of thermodynamic coordinate,
of which the mole numbers are an example.

Among the symmetry principles of physics perhaps the most abstract is
the set of “gauge symmetries.” The representative example is the “gauge
transformation” of Maxwell’s equations of electromagnetism. These equa-
tions can be written in terms of the observable electric and magnetic
fields, but a more convenient representation introduces a “scalar poten-
tial” and a “vector potential.” The electric and magnetic fields are
derivable from these potentials by differentiation. However the electric
and magnetic potentials are not unique. Either can be altered in form
providing the other is altered in a compensatory fashion, the coupled
alterations of the scalar and vector potentials constituting the “gauge
transformation.” The fact that the observable electric and magnetic fields
are invariant to the gauge transformation is the “gauge symmetry” of
electromagnetic theory. The quantity that is conserved by virtue of this
symmetry is the electric charge®.

Similar gauge symmetries of fundamental particle theory lead to con-
servation of the numbers of leptons (electrons, mesons, and other particles
of small rest mass) and of the numbers of baryons (protons, neutrons, and
other particles of large rest mass).

In the thermodynamics of a hot stellar interior, where nuclear transfor-
mations occur sufficiently rapidly to achieve nuclear equilibrium, the
numbers of leptons and the numbers of baryons would be the appropriate
“mole numbers” qualifying as thermodynamic extensive parameters.

In common terrestrial experience the baryons form long-lived associa-
tions to constitute quasi-stable atomic nuclei. It is then a reasonable

8 The result is a uniquely quantum mechanical result. It depends upon the fact that the phase of the
quantum mechanical wave function is arbitrary (“gauge symmetry of the second kind”), and it is the
interplay of the two types of gauge symmetry that leads to charge conservation.
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approximation to consider atomic (or even molecular) species as being in
quasi-stable equilibrium, and to consider the atomic mole numbers as
appropriate thermodynamic coordinates.

21-8 TIME REVERSAL, THE EQUAL
PROBABILITIES OF MICROSTATES,
AND THE ENTROPY PRINCIPLE

We come finally to the essence of thermostatistics—to the principle that
an isolated system spends equal fractions of the time in each of its
permissible microstates. Given this principle it then follows that the
number of occupied microstates is maximum consistent with the external
constraints, that the logarithm of the number of microstates is also
maximum (and that it is extensive), and that the entropy principle is
validated by interpreting the entropy as proportional to In €.

_The permissible microstates of a system can be represented in an
abstract, many-dimensional state space (recall Section 15.5). In the state
space every permissible microstate is represented by a discrete point. The
system then follows a random, erratic trajectory in the space as it
undergoes stochastic transitions among the permissible states. These tran-
sitions are guaranteed by the random external perturbations which act on
even a nominally “isolated” system (although other mechanisms may
dominate in particular cases—recall Section 15.1).

The evolution of the system in state space is guided by a set of
transition probabilities. If a system happens at a particular instant to be in
a microstate i then it may make a transition to the state j, with
probability (per unit time) f;,. The transition probabilities { f;;} form a
network joining pairs of states throughout the state space.

The formalism of quantum mechanics establishes that, at least in the
absence of external magnetic fields®

fi=F (21.2)

That is, a system in the state ; will undergo a transition to the state j with
the same probability that a system in state ; will undergo a transition to
the state i.

The “principle of detailed balance” (equation 21.2) follows from the
symmetry of the relevant laws of quantum mechanics under time inversion
(i-e., under the transformation ¢ — -t’).

The restriction that the external magnetic field must be zero can be dealt with most simply by
including the source of the magnetic field as part of the system. In any case the presence of external
magnetic fields complicates intermediate statements but does not alter final conclusions, and we shall
here ignore such fields in the interests of simplicity and clarity.
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Although we merely quote the principle of detailed balance as a
quantum mechanical theorem, it is intuitively reasonable. Consider a
system in the microstate i, and imagine a video tape of the dynamics of
the system (a hypothetical form of video tape that records the microstate
of the system!). After a brief moment the system makes a transition to the
microstate j. If the video tape were to be played backwards the system
would start in the state j and make a transition to the state i. Thus the
interchangeability of future and past, or the time reversibility of physical
laws, associates the transitions i — j and j — i and leads to the equality
(21.2) of the transition probabilities.

The principle of equal probabilities of states in equilibrium (f, = 1/Q)
follows from the principle of detailed balance ( f;; = /i) To see that this is
so we first observe that f,; is the conditional probability that the system
will undergo a transition to state j if it is initially in state i. The number
of such transitions per unit time is then the product of f, , and the
probability f; that the system is initially in the state i. Hence the total
number of transitions per unit time out of the state i is © f,, . Similarly
the number of transitions per unit time into the state i is Y, f.f;;- However
in equilibrium the occupation probability f, of the ith state must be
independent of time; or

df,
S~ Tty + Tif=0 (213)

J*i J#Ei

With the symmetry condition f,, = [;» @ general solution of equation 21.3
is f,=/f, for all i and j. That is, the configuration .= 1/Q is an
equilibrium configuration for any set of transition pmbabijin'es {f,;} for
which [, = f;.

As the system undergoes random transitions among its microstates
some states are “visited” frequently (i.e., X, f, is large), and others are
visited only infrequently. Some states are tenacious of the system once it
does arrive (i.e., L, f;; is small), whereas others permit it to depart rapidly.
Because of time reversal symmetry, however, those states that are visited
only infrequently are tenacious of the system. Those states that are visited
frequently host the system only fleetingly. By virtue of these compensating
attributes the system spends the same fraction of time in each state.

The equal probabilities of permissible states for a closed system in equi-
librium is a consequence of time reversal symmetry of the relevant quantum
mechanical laws™.

n fact a weaker condition, T ;(fij — £;) = 0, which follows from a more abstract requirement of
“causality,” is also sufficient to ensure that f; = 1/Q in equilibrium. This fact does not invalidate the
previous statement.
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21-9 SYMMETRY AND COMPLETENESS

There is an additional, more subtle aspect of the principle of equal a
priori probabilities of states. Consider the schematic representation of
state space in Fig. 21.2. The boundary B separates the permissible states
(“inside”) from the nonpermissible states (“outside”). The transition
probabilities /. are symmetric for all states / and j inside the bound-
ary B.

FIGURE 21.2

Suppose now that the permissible region in state space is divided into
two subregions (denoted by 4’ and A4” in Fig. 21.2) such that all
transition probabilities f;; vanish if the state i is in 4’ and j isin A", or
vice versa. Such a set of transition probabilities is fully consistent with
time reversal symmetry (or detailed balance), but it does not lead to a
probability uniform over the physically permissible region (A4’ + A If
the system were initially in 4’ the probability density would diffuse from
the initial state to eventually cover the region 4’ uniformly, but it would
not cross the internal boundary to the region 4”.

The “accident” of such a zero transition boundary, separating the
permissible states into nonconnected subsets, would lead to a failure of
the assumption of equal probabilities throughout the permissible region of
state space.

It is important to recognize how incredibly stringent must be the rule of
vanishing of the f,; between subregions if the principle of equal
probabilities of states is to be violated. It is not sufficient for transition
probabilities between subregions to be very small—every such transition
probability must be absolutely and rigorously zero. If even one or a few
transition probabilities were merely very small across the internal boundary
it would take a very long time for the probability density to fill both A’
and A” uniformly, but eventually it would.

The “accident” that we feared might vitiate the conclusion of equal
probabilities appears less and less likely—unless it is not an accident at
all, but the consequence of some underlying principle. Throughout quan-
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tum physics the occurrence of outlandish accidents is disbarred; physics is
neither mystical nor mischievous. If a physical quantity has a particular
value, say 4.5172... then a second physical quantity will not have
precisely that same value unless there is a compelling reason that ensures
equality. Degeneracy of energy levels is the most familiar example—when
it occurs it always reflects a symmetry origin. Similarly, transition prob-
abilities do not accidentally assume the precise value zero; when they do
vanish they do so by virtue of an underlying symmetry based reason. The
vanishing of a transition probability as a consequence of symmetry is
called a “selection rule.”

Selection rules that divide the state space into disjoint regions do exist.
They always reflect symmetry origins and they imply conservation princi-
ples. An already familiar example is provided by a ferromagnetic system.
The states of the system can be classified by the components of the total
angular momentum. States with different total angular momentum com-
ponents have different symmetries under rotation, and the selection rules
of quantum mechanics forbid transitions among such states. These selec-
tion rules give rise to the conservation of angular momentum.

More generally, then, the state space can be subdivided into disjoint
regions, not connected by transition probabilities. These regions are never
accidental; they reflect an underlying symmetry origin. Each region can be
labeled according to the symmetry of its states—such labels are called the
“characters of the group representation.” The symmetry thereby gives rise
to a conserved quantity, the possible values of which correspond to the
distinguishing labels for the disjoint regions of state space.

In order that thermodynamics be valid it is necessary that the set of
extensive parameters be complete. Any conserved quantity, such as that
labelling a disjuncture of the state space, must be included in the set of
thermodynamic coordinates. Specifying the value of that conserved quan-
tity then restricts the permissible state space to a single disjoint sector (A’
alone, or 4" alone, in Fig. 21.2). The principle of equal probabilities of
states is restored only when all such symmetry based thermodynamic
coordinates are recognized and included in the theory.

Occastonally the symmetry that leads to a selection rule is not evident,
and the selection rule is not suspected in advance. Then conventional
thermodynamics leads to conclusions discrepant with experiment. Puzzle-
ment and consternation motivate exploration until the missing symmetry
principle is recognized. Such an event occurred in the exploration of the
properties of gaseous hydrogen at low temperatures. Hydrogen molecules
can have their two nuclear spins parallel or antiparallel, the molecules
then being designated as “ortho-hydrogen” or “para-hydrogen,” respec-
tively. The symmetries of the two types of molecules are quite different. In
one case the molecule is symmetric under reflection in a plane perpendicu-
lar to the molecular axis, in the other case there is symmetry with respect
to inversion through the center of the molecule. Consequently a selection
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rule prevents the conversion of one form of molecule to the other. This
unsuspected selection rule led to spectacularly incorrect predictions of the
thermodynamic properties of H, gas. But when the selection rule was at
last recognized, the resolution of the difficulty was straightforward. Ortho-
and para-hydrogen were simply considered to be two distinct gases, and
the single mole number of “hydrogen” was replaced by separate mole
numbers. With the theory thus extended to include an additional con-
served coordinate, theory and experiment were fully reconciled.

Interestingly, a different “operational” solution of the ortho-H,, para-H,
problem was discovered. If a minute concentration of oxygen gas or water
vapor is added to the hydrogen gas the properties are drastically changed.
The oxygen atoms are paramagnetic, they interact strongly with the
nuclear spins of the hydrogen molecules, and they destroy the symmetry
that generates the selection rule. In the presence of a very few atoms of
oxygen the ortho- and parahydrogen become interconvertible, and only a
single mole number need be introduced. The original “naive” form of
thermodynamics then becomes valid.

To return to the general formalism, we thus recognize that all symme-
tries must be taken into account in specifying the relevant state space of a
system.

As additional symmetries are discovered in physics the scope of thermo-
statistics will expand. Perhaps all the symmetries of an ideal gas at
standard temperatures and pressures are known, but the case of ortho-
and para-hydrogen cautions modesty even in familiar cases. Moreover
thermodynamics has relevance to quasars, and black holes, and neutron
stars and quark matter and gluon gases. For each of these there will be
random perturbations, and symmetry principles, conservation laws, and
Goldstone excitations,—and therefore thermostatistics.




